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Abstract: In this paper we study optimal stopping problems with respect 
to distorted expectations of the form 


r oo 

S{X)= xdG{Fxix)), 


J —OO 


where Fx is the distribution function of X and G is a convex distribution 
function on [0,1]. As a matter of fact, except for G being the identity on 
[0,1], dynamic versions of S-{X) do not have the so-called time-consistency 
property necessary for the dynamic programming approach. So the stan¬ 
dard approaches are not applicable to optimal stopping under S{X). In 
this paper, we prove a novel representation, which relates the solution of 
an optimal stopping problem under distorted expectation to the sequence of 
standard optimal stopping problems and hence makes the application of the 
standard dynamic programming-based approaches possible. Furthermore, 
by means of the well known Kusuoka representation, we extend our results 
to optimal stopping under general law invariant coherent risk measures. Fi¬ 
nally, based on our novel representations, we develop several Monte Carlo 
approximation algorithms and illustrate their power for optimal stopping 
under Average Value at Risk and the absolute semideviation risk measures. 

Primary 60G40, 60G40; secondary 9IG80. 

Keywords and phrases: Optimized certainty equivalents, optimal stop¬ 
ping, primal representation, additive dual representation, randomized stop¬ 
ping times, thin sets. 


1. Introduction. 

Consider a random variable X on some atomless probability space P) 

with distribution function Fx- Let G be a fixed distribution function defined 
on [0,1], such mappings are also known as distortion functions. Denote by £ 
the expectation of X taken with respect to the distorted distribution function 


G(Px(a;)), i-e.. 
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After splitting at zero and integrating by parts we may write it in the form 

poo pO 

£HX) = / [l-G{Fxix))]dx- G{Fxix))dx 

poo pO 

= / g(l-Fx{x)) dx - i [1- g[l- Fx{x))] dx, (1.1) 

where g is related to G via G{x) = l—g{l—x). These kind of expectations, some¬ 
times also called distorted expectations (w.r.t. the distortion function g), are of 
particular interest if g is concave. In this case they were suggested in insurance 
for premium calculation (see, e.g. [12]) and justified by some axiomatization of 
insurance pricing provided in [27]. For concave g, distorted expectations were 
also used in finance to model bid-ask spreads, see [11] or [21] for static versions 
and [9] for dynamic extensions. If g is continuous and concave, then the distorted 
expectation has the following representation 

8a{X) = sup Eq[X], (1.2) 

Qeo-—core(g(P)) 

where tr—core(( 7 (P)) consists of all probability measure Q on J" satifying Q(^) < 
g(P(A)) for any A G F (see e.g. [12, Proposition 10.3 with Example 2.1]). In 
view of (1.2), the distorted expectations may be interpreted as expectations 
under model uncertainty induced by the set a — core(( 7 (P)). 

In this paper we are also going to study more general types of nonlinear 
functionals related to law-invariant coherent risk measures. Consider the space 
LP{il, F,P), p G [1, oo), of measurable functions X : 17 —>■ M (random variables) 
having finite pth order moment; for p = oo the space L°“(I7,X, P) is formed 
by essentially bounded measurable functions. Let X be a vector space such 
that L°°(I7,X,P) C X C L^(f7,X,P), X G X implies \X\ G X and for any 
X G L^(I7,X, P) with |Xj < jyj and jEj € X, it holds X G X. Here the 
notation X <Y means that X{uj) < Y{u!) for almost every uj with respect to 
P. A functional f : A —R is called a coherent risk measure if it fulfills the 
following axioms: 

(Al) Monotonicity: If X,X' G X and X Y X', then £{X) > £{X'). 

(A2) Sublinearity: 


£{aX + PX') < a£{X) -b P£{X') 
for all X^X' G X and all a,/3 > 0. 

(A3) Translation equivariance: If a G R and X G X, then £{X + a) = £{X) + a. 
(A4) Cutoff property: For all X G A with property X ^ 0 

lim £({X-k)+) =0. 

k—^oo 

A risk measure f : A —>■ R is called law invariant if £ depends only on the 
distribution of X; i.e., if X and X' have the same distribution then £{X) = 
£{X'). The cutoff property is automatically fulfilled if A may be equipped with 
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a complete norm || ■ ||;t such that A' is a Banach lattice w.r.t. this norm and the 
partial order ^ (cf. Ruszczynski and Shapiro ([25]), or Cheridito and Li ([10])). 
Outstanding examples are the standard spaces Lp{0,T,P) equipped with 
the ordinary norms || • ||p (p S [1, ooj). Another relevant class of examples is 
related with the continuous concave functions. More precisely, for any continuous 
concave distortion function g the set Xg consisting of all random variables X 
on (fl, P) such that g{l — F|x|(a;)) dx < oo is a vector space. Tacitely 
identifying random variables that are identical P—a.s., it is a Banach lattice 
w.r.t. the complete norm 

gi^ - F\x\ix)) dx, (1.3) 

and ^ (cf. [12], Proposition 9.5 with Proposition 9.3). 

Let us consider some examples of law invariant coherent risk measures. 

Example 1.1. The Average Value at Risk risk measure at level a S]0,1] is 
defined as the following functional: 

1 /■“ 

AV@Ra : -/ FVmdfi, 

a Jo 

where X is P— integrable and Ffv denotes the left-continuous quantile function 
of the distribution function Fx of X. Note that AV@Ri{X) = E[—A] for any 
P—integrable X. Moreover, it is easy to check that S{X) = AV@Ra{—X) is a 
coherent law invariant risk measure of the form 

/ O noo 

ga{Fxix))-\- [1 - ga{Fx{x))] dx 

-OO J 0 

holds for any P—integrable X, where the mapping ga '■ [0,1] —>■ [0,1] is defined 
by ga{u) = 1 A {u/a). 

Example 1.2. The MINMAXVAR distortions were introduced in Cherny and 
Madan [11] and correspond to the continuous concave distortion function of the 
form: 

gp{u) = 1 - (l - ^ p>0. 

For an integer p, we have the representation £^^{X) = E[y] with 

Y minjZi,..., Zp+i), max{Zi,..., Zp+i] X 

and this explains the name of the distortion. 

It was shown by Kusuoka ( [20] ) that any law invariant coherent risk measure 
on L°° can be represented as the supremum of the mixtures of AV@Ra for 
different values of a : 

£{X) = sup f AV@Ra{—X) dfi{a), (1.4) 

Jq 


A 


: 


A 
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where M. is & set of probability measures on [0,1]. In fact the functional £ in 
(1.4) has also a representation (see [20]) 

£:(X) =sup£:3(X) (1.5) 

geQ 

for a set of concave distortion functions Q. The representation (1.5) may be also 
verified for general law invariant coherent risk measures (cf. Kratschmer and 
Zahle [18]), and it will play a key role in the extension of our results to law 
invariant coherent risk measures. 

Example 1.3. Consider the absolute semideviation risk measure defined as 
£(X) = E[X] + cE{ (X - E(X))+} 

with some constant c G [0,1] and X G X = P). By taking a two point 

probability measure /i with mass 1 — c>t at a = 1 and mass c>c at a = >c, we 
obtain the following representation (see Shapiro [26]) 


£{X) 


sup 

>irG]0,l[ 


(1 


c>t) AV@Ri{-X) + c>cAV@R^{-X) 


( 1 . 6 ) 


For X s]0,1[, define a continuous concave distribution function g^ on [0,1] by 


a{c{l — x) + 1), a < X, 
cx{l — a) + a, X < a < 1. 


It satisfies 

£3’<{X) = {I - cx) AV@Ri{-X) + cx AV@R^{-X) for X G L\n,X,F) 

so that by (1.6) the representation (1.5) reads as follows 

£{X) = sup£^{X) with Q = {g^\x g]D,1W- (1-7) 

geO 

Example 1.4. Fora €]0,1[, an a-expectile of X G L^{£t,iF,P) can be defined 
as 


£a(X) = inf {x G R j aE [(X — x)“''] — (1 — Q!)E [(X — x) ] = 0} . 


If X is square integrable, then the a-expectile of X has an alternative represen¬ 
tation 


£UX) 


argmin^^gjjaE ((X-x)+)^ + (1 


-a)E[((X-x)-)] 


(cf. [6, Example 4])- This is the genuine definition of expectiles introduced in 
Newey and Powell ([22]). It has been shown in [6] that for a g]1/2, 1[, the 
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a—expectile defines a law-invariant coherent risk measure £a on X = T^ P) 

with the representation 


fa(X) 


sup 

76 [(l-a)/a,l] 




( 1 . 8 ) 


where a{"f) = (1 — a)(l — 7 )/[ 7 ( 2 q: — 1))] (cf. [6, Proposition 8, Proposition 9]). 
Then 




OL0‘f 
1 — Ct ’ 


1-7 + 7^, 


13 < a{l), 

a{'j) < /3 < 1 


defines a continuous and concave distortion function for 7 S [(1 — a)/a, 1 ] 
satisfying 

£90..-, (^X) = (l- 7 )AV@i?„(.^)(-X)+ 7 Ay@i?i(-X) for X € L\n,X,P). 
Hence in view of (1.8), we obtain for a S]l/2,1[ 


£a{X) = sup £^{X) with Qa = {ga.o ,\7 G [(1 - a)/a, 1]}. (1.9) 

geOa 


Let 0 < T < 00 and let {Xt)o<t<T,P) be a filtered probability space, 

where (-^t)te[o,T] is a right-continuous filtration with Xq containing only the 
sets with probability 0 or 1 as well as all the null sets of X. While the distorted 
expectations are well established in static settings, this is much less the case 
in dynamic setting related to the filtration (.?t)te[o,T] ■ The reason is that, con¬ 
trary to what is the case for the standard expectations, the collection of the 
“conditional distorted expectations” 

poo pO 

£siX)= 9(3 - Fx\T,ix)) dx - [1 - g{l - Fx\xSx))] dx (1.10) 

Jo J — 00 

corresponding to the collection of “updated” probability measures Fx\Xs typ¬ 
ically time-inconsistent. For instance, it is possible that for two times s and t 
with s < t, we have £f{X) > £^ (Y), while nevertheless at time s the conditional 
distorted expectation of Y is greater than that of X. Even worse, unless g being 
the identity map on [0,1], we do not find any dynamic extension {£t)t^[ox] 

£9 satifying £s{X) > £siY), whenever s <t and £t{X) > £t(Y) (cf. [19]). 

Consider now a right-continuous nonnegative adapted stochastic process (Yt) 
with bounded paths, and let T gather all finite stopping times t < T w.r.t. 
{Ft)- The main object of our study is the following optimal stopping problem 

pCO 

sup £^{Yr) = sup / g{l - Fy.^{x)) dx, (1.11) 

reT reT Jo 

where Fyy stands for the distribution function of Yj-- As mentioned above, the 
key challenge related to the problem (1.11) is that dynamic distortions £f, 
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t € [ 0 ,T'], as defined in ( 1 . 10 ) do not possess the property of dynamic time 
consistency: 


£io£! = £!, 0<s<t<r, 

except the trivial case g{x) = x. Thus, the methods based on the dynamic 
programming principle can not be applied to solve ( 1 . 11 ). 

The stopping problem (1.11) was recently considered by Xu and Zhou [29] 
under some additional assumptions. First of all, the authors allow for all finite 
stopping times w.r.t. to some filtered probability space (fl, F, {Ft)t>Q, P), that is, 
they consider infinite horizon optimal stopping problems. Secondly, they impose 
a special structure on the process (yt)t >0 7 namely it is supposed that Yt = u{St) 
for an absolutely continuous nonnegative function u on [ 0 ,oo[ and for a one¬ 
dimensional geometric Brownian motion {St)t>o- Thirdly, the authors focus on 
strictly increasing absolutely continuous distortion functions g, so that their 
analysis does not cover the case of Average Value at Risk. Summing up, in [29] 
the optimal stopping problems of the form 

sup £^{u{Sr)) ( 1 - 12 ) 

tGT” 

are studied, where T°° denotes the set of all finite stopping times. A crucial 
step in the authors’ argumentation is the reformulation of the optimal stopping 
problem ( 1 . 12 ) as 

poo 

sup £^{u{Sr)) = sup / g{l — F{x))u'{x) dx 

rGr°“ FevJo 

= sup / u{F^{u))g'{l — u) du, 

FevJo 

where u' and g' are derivatives of u and 5 , respectively, and V denotes the set 
of all distribution functions F with a nonnegative support such that fg (1 — 
F(x)) dx < Sq. The main idea of the approach in [29] is that any such distri¬ 
bution function may be described as the distribution function of St for some 
finite stopping time r G T°° and this makes the application of the Skorokhod 
embedding technique possible. Hence, the results essentially rely on the special 
structure of the stochastic process (Yt)t>o and seem to be not extendable to 
stochastic processes of the form Yt = U{Xt), where {Xt)t>o is a multivariate 
Markov process. Moreover, it remains unclear whether the analysis of [29] can 
be carried over to the case of bounded stopping times, as the Skorokhod em¬ 
bedding can not be applied to the general sets of stopping times T (see, e.g. 

[4]). 

In this paper we continue the line of research initiated in [29] and derive 
several novel representations for the value of optimal stopping under probability 
distortions. Unlike [29], we do not restrict our analysis to some specific type of 
driving processes, but consider finite horizon optimal stopping problems for 
general stochastic processes. This has a consequence that our results are not 
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as explicit as ones in [29]. However, our representations can be used to develop 
efficient numerical algorithms for approximating the value of (1.11). The analysis 
of this paper can be also viewed as an extension of the results of Belomestny 
and Kratschmer [8], where optimal stopping problems for optimized certainty 
equivalents 


’(X)= sup fEQ[X|J-t]-E 
QeSt V 


$ 


dQ 




were considered. Here $ ; [0, oo[—[0, oo] denotes a lower semicontinuous convex 
mapping, and Qt is the set of all probability measures Q, which are absolutely 
continuous w.r.t. a given measure P and Q = P on Let us note that the 
intersection of the class of optimized certainty equivalents with the class of 
probability distortions is very small and essentially coincides with the Average 
Value at Risk. 

The paper is organized as follows. In Section 2.1 we show a general primal rep¬ 
resentation result for optimal stopping problems under probability distortions. 
Next a generalisation to the case of law invariant coherent risk measures is pre¬ 
sented. Section 2.2 is devoted to the additive dual representation for optimal 
stopping problems under coherent risk measures. A problem of pricing Bermu¬ 
dan maxcall options under absolute semideviation risk measure is numerically 
analysed in Section 3. Finally all proofs are collected in Section 5. 


2. Main results 


Define a set Xg to consist of all random variables X on P) such that 

Jp (;(! — F|jf|(x)) dx < oo. For the distortion function g we shall assume that 

g is continuous and concave. (2-1) 


By concavity we have g{u) > u for u G [0,1] so that every X € Xg \s also 
P—integrable. Moreover, under (2.1), there exists some unique probability mea¬ 
sure gtg on the ordinary Borel cr—algebra S(]0,1]) characterized by g'{x) = 
1 /it g,g{du) for u g]0 , 1[, where g' denotes the right-sided derivative of 5l]o,i[ 
(cf. [14, Lemma 4.69]). The space of all integrable random variables (mod¬ 
ulo the Bg—a.s. equivalence) will be denoted by L^{g,g)^ whereas L^{g.g) gath¬ 
ers all nonnegative members of L^{g,g). With any fixed members Z° of L]|_(/ig) 
we associate a set L\{gLg, Z°) of all Z G L\{gg) such that Z{\) = 0, and 
infae]o.a](^(a) — Z°{a)) > 0 holds for some a g] 0, 1[. Set for any t €T and Z G 
^+idg)y 



Z{a))+ 

a 


Z{a) 


Bg{da). 


( 2 . 2 ) 


In addition, we define Y* = supjgjQ j^j V*, and 


Z* :]0,1] Z*{a) 


F^,{l-a), aG]0,l[, 
0 , 0 = 1 , 
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where stands for a left-continuous quantile function of the distribution 
function Fy of 1"*. Finally, denote 


|Z(1) = 0,E 


(Y* - zy 


a 


Bg{da) 


< oo 


Remark 2.1. The construction of the measure Bg from a given continuous con¬ 
cave distortion function g can be described as follows (cf. [14, proof of Lemma 
4-69]). First, we define a measure Vg on the Borel a-algebra S(]0,1]) via Vg(]u, 1]) 
g'{u) for u g]0, 1[. Next set 

fj.g{A) = [ uvg{du), A€S(]0, 1]). 

J A 


It follows from the above definition that for any set A =]0, z] with z £]0,1[, 
Lg{A)= j Vg{]s,z\)ds = g[z) - zg\z), 

Jo 


and also 

Ms({l}) = i^s({l}) = lim g\z). 


2.1. Primal representation 
We shall assume F* e A’g. As a result 

poo 

supf®(Fi-)< / g{l — Fy*{x)) dx < oo. 
reT Jo 

It follows from Lemma 6.1 (cf. Appendix 6) 


^ gil-Fyfrx)) dx = £frY*)=E J 

In particular 

{Y*-Z*)+ 


HY* - Z*)+ 
V a 


+ Z* dp 


< oo. 


E 


dflg 


< OO and Z* € L\{p,g) with Z*{1) = 0. (2.3) 


Property (2.3) shows that under Y* G Xg, the set L^\Y*,p.g\ is not empty. One 
crucial observation for what follows is that if G [F*, pg] , then L\_ {pg ,Z°)C 
L^Yypg]. 


The following theorem is our main result. 











D. Belomestny and V. Krdtschmer/Optimal stopping under probability distortions 9 


Theorem 2.2. Let {LljTt, Pljr^) atomless with countably generated Tt for 
every t > 0, and let Z be a dense subset of {Z G L}^_(yLg) \ Z(l) = 0} w.r.t. the 
L^ — norm. If (2.1) is fulfilled andY* G Xg, then it holds for any Z° G L'^\Y*, ^g\, 

supf®(Tr) = 
rer 


where C’^{ytg, Z°) = {Ijo.a] ■ Z° + Z \ Z G Z,a g]0, 1[}. In particular, we can 
always take Z° = Z* in the above representation. 

The proof of Theorem 2.2 may be found in Subsection 5.3. Theorem 2.2 
deals with one fixed distortion functional . Due to the representation (1.5), 
we can extend the results of Theorem 2.2 to the case of the general law invariant 
coherent risk measures. 

Corollary 2.3. Let £ he any law invariant eoherent risk measure, and let Z he 
a set of BQO, 1])-measurable mappings such that for any g G Q in representation 
(1.5), the set Z is dense in {Z G L(_(pLg) \ Z(l) = 0} w.r.t. the L^ — norm defined 
by pig. Moreover, let Y* G X and Z° G ngggT^[T*,/r^], then 

sup£:(T,-) = sup inf supEft/^’^l (2.7) 

tgT geQ zeC^-iZ”) reT 

where C*z{Z°) = {Ijo.a] ■ Z° + Z \ Z G Z,a e]0,1[}. 


sup inf E \U^' 1 
tgT 

Z(1) = 0 

inf supEft/f^l 
2(1)=0 

inf supE[l7S’^l 


(2.4) 

(2.5) 

( 2 . 6 ) 


Discussion The first equality (2.4) is based on the well known representation 
'■1 ^ ^{X + x)+ 


£^{X) = J AV@Ra{—X) pLg{da) = J IminE 


— X 


pigida) 


for P—essentially bounded random variables X (see, e.g., [14, Theorem 4.70 with 
Lemma 4.51]). By interchanging integration and minimization (cf. [23, Theorem 
14.60]), we can represent (1.11) as a solution of some maxmin optimization 
problem. The second representation (2.5) is the key result of our paper and 
shows that we can interchange sup with inf. The proof of this representation 
relies on the notion of randomized stopping times and makes use of a novel 
approximation result for measurable partitions of unity by indicator functions 
(see Proposition 8.2 in Appendix 8). The representation (2.5) can be used to 
approximate the solution of (1.11) via solving a sequence of the standard optimal 
stopping problems. Finally, the equality (2.6) means that one can replace the 
optimization over the set L^{pLg) by the optimization over its dense subset. 

Let us point out a suitable choice for the set Z in Theorem 2.2. To this end, 
let us recall the notion of Bernstein polynomials. By definition, a Bernstein poly¬ 
nomial of degree n is a function Bn on [0,1] defined by Bn{x) = X]r=o 
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for some bo: ■ ■ • ,bn € M, where 




—a)" i G {0,..., n}, n G N. 


( 2 . 8 ) 


Corollary 2.4. Let P|^j) be atomless with countably generated J-t for 

every t > 0, and let Zb consist of all mappings biBi^n\]op] with n G N and 

bo,, bn-i > 0. If (2.1 ) is fulfilled and Y* G Xg, then for any G L^\Y*, 


sup £^{Yr) 
rer 


inf sup E 
ZeZB{Z«)reT 



Z{a))+ 

a 


Z{a) 


figida) 


< oo, 


where Zb(^°) = {l]o,a] • + Z | Z G a g]0, 1[}. 

Let us present some special cases of Theorem 2.2. For concave g, we shall de¬ 
note its right-sided derivative on ]0,1[ by g'. It is non-increasing so that it might 
be extended to [0,1] by setting g'(0) = sup„>Qg'(a) and g'{l) = vnia<i g'{a). 
It follows from [14, Lemma 4.69], that ^'(O) is finite iff / \/a g,g{da) < oo. In 
the case of finite g'(0), we may choose Z° = 0 in Theorem 2.2 and Corollary 2.4 
to draw the following immediate conclusion. 

Corollary 2.5. Let Z be a dense subset of {Z G L^{fig) \ Z(l) = 0} w.r.t. 
L^ — norm. If g'{0) < oo, then under the assumptions of Theorem 2.2 we have 


sup £^{Yr) 
reT 


inf sup E 
zez.reT 



Z{a))+ 

a 


Z{a) 


pLg{da) 


< oo. 


The latter corollary can be easily generalized to the case of general law in¬ 
variant coherent risk measures. First note that with any coherent law invariant 
risk measure £ we can associate a function gs : [0,1] —>■ M via 

ge{a)=£{Fff^^){U)), aG[0,l], 

where denotes the left-continuous quantile function of the distribution 

function FB(^a) of ^ Bernoulli r. v. B{a) with parameter a and [/ is a random 
variables having uniform distribution on [0,1]. If limo,^o-i- gs{of) = 0, then it is 
known that any set Q in the representation (1.5) is relatively compact w.r.t. the 
uniform metric consisting of continuous concave distortion functions only (see 
Belomestny and Kratschmer [7]). This continuity condition is already fulfilled 
if X may be equipped with a complete cr—order continuous norm II • lU such 
that T” is a Banach lattice w.r.t. this norm and the partial order F. To recall, a 
norm || • ll;^ on X is said to be cr—order continuous if 


lim ||Xfe||;t = 0 whenever \ 0 P — a.s. 

k—^oo 

(cf. Ruszczynski and Shapiro ([25]), or Cheridito and Li ([10])). Of course 
norms on spaces are cr—order continuous for p G [l,oo[. Also for any 
continuous concave distortion function g, the complete norm || • \\xg on Xg, as 
defined in (1.3), satisfies cr—order continuity due to the dominated convergence 
theorem. 
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Corollary 2.6, Let 8 he a law invariant coherent risk measure satisfying limQ,_).o+ gs{<^) = 
0, and let us fix any representation of the form (1.5). //sup„g]o_i] 5 £(a)/a < cx) 
and for any g G G, the set Z is dense in {Z G L]^{pg) \ Z(l) = 0} w.r.t. the 
L^ — norm defined by pg, then 


sup £'(Fi-) 

rer 


sup inf sup E 
geg reT 



Zia)r 

a 


Z{a) 


Pg{da) 


< oo. 


Corollary 2.5 may be further simplified if pg has finite support. In this case, 
each element of L\^{pg) may be identified with [0,oo['", where m denotes the 
cardinality of the support of pg. Then, as an immediate consequence of Corol¬ 
lary 2.5, we obtain the following primal representation for the optimal stopping 
problem (1.11). 

Corollary 2.7. Let g fulfill (2.1), and let pg have a finite support supp{pg) = 
{ofi,..., am} with am = max supp{pg). Then under the assumptions of Theorem 
2.2, the following statements are valid. 

(i) If am < Ij then 


sup£’9(y^)= inf supVE 

tGT xi,...,x„>0.rer^ 

(ii) If am = 1 with m > 2, then 


(Tj- Xj) “t“ Xi 
O^i 


Tgi.{ai}). 


sup£^^(Fr) = inf sup [ E 


2=1 


{Y-j- Xi) “h Xi 


Tg{{ai}) +^Yr]Lg[V}) 


(Hi) If am = 1 with m = 1, then 


sup £^{Yr) = sup E \Yr]. 

tGT tGT 


Remark 2.8. The measure pg has the finite support {ai,..., am} with ai > 
ai-i for i = 2,... ,m, if and only if g' is constant on each interval Joi-i, afi, 
i = 1,... ,m + 1, with oq = 0 and am+i = I by definition. In this case, we may 
draw on Remark 2.1 to conclude 


Tgi{ai}) = ai[g'{0+) - gfai)] 

Tgiicti}) = atWicti-i) - g'ioii)], i = 2,...,m, < 1 

— g (o^m —l)j am — 1- 

Example 2.9 (Optimal stopping under absolute semideviation). Let us turn 
again to the absolute semideviation risk measure 

£{X) = E[X] cE[(X - E(X))+]. 

As can be easily seen, the associated function gg has the form 

ge{.of) = a + ca{l — a) 
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implying limQ,_>o+5£(Q!) = 0, and sup^^jQ 5 £(a)/a = 1 + c. Now, we may 
apply Corollary 2.7 along with Remark 2.8 and representation (1.7) to obtain 
the following representation 

sup f (Fr) = sup inf sup E \c{Yt — + c>cx + (1 — cx)!)-] . (2.9) 

tgT >ce]o.i[^^Orer 


Example 2.10 (Optimal stopping under expectiles). Let for a £]l/2,1[ con¬ 
sider the a—expectile 


■ L^{0,r,P) £a{X) = inf {x e K | aE [(X - x)+] - (1 - a)E [(X -x)"] = 0} . 

The associated distortion function gg^ is defined by gedP) = ctfd/[fd(2a — 1) + 

1 — a]. In particular, lim^_j.o+5£(/3) = 0 and sup^gjQ g5(/3)//3 = a/(l — a). 

The application of Corollary 2.7 along with Remark 2.8 to the representation 
(1.9) yields 


sup£’a(l)-) 

rer 


sup inf sup E 
7e[a/(l-a).l]®^0'rer 


■ 7 ( 20 ; — 1 ) 
1 — a 


(Yr 


x)+ + 7 I)- + (1 — 7 )x 


Concerning the mapping 


(j) : [ 0 , oo[x [a/(l—a), 1 ] 


^ M, (x, 7 ) 1 -^ sup E 
rer 


'j{2a — 1) 
1 — a 


(Er-x)+ +7!^ + (1-7)2; 


we may verify easily that is convex for 7 £ [Q !/(1 — ct), 1 ], and that (j){x, •) 

is concave as well as continuous. Hence we may conclude by the Ky Fan minimax 
theorem for convex mappings that 


sup inf (p{x,'Y) = inf sup 4>(x,^). 

7G[a/(l— q),1] ^—0 ^ —^ 7G[q/(1—q),1] 


Hence 

sup fa (Ft-) 
rer 


sup inf sup E 

7G[(l-a)/a.l] ^>0 tGT 


7(2^ (^^ 


inf sup sup E 
rer 


■7(20; — 1) 
1 — a 


{Yr 


x)+ + 7 Fr + (1 - 7 )x 

a;)+ + + (1 -('?)i^) 


We may also derive an alternative simplified representation of the stopping 
problem (1.11) in the case of P—essentially bounded Y*. Then the key observa¬ 
tion is that a (51]o,i[ for a constant 8 belongs to L^\Y*,pLg\ if (5 > F*. Denote the 
space of all real-valued uniformly continuous mappings on ]0, 1 ] by C'ii(]0, 1 ]). 

Theorem 2.11. Let P|_ 7 r ) be atomless with countably generated Tt for 

every t > 0, and let Z be a dense subset of {Z £ Cu(]0,1]) | F > 0, Z(l) = 0} 
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w.r.t. the supremum norm on Cu(]0,1]). If (2.1 ) is fulfilled and Y* is ^g —essentially 
bounded with ^g —essential supremum |F*|oo, then 

sup£:s(y^) = inf sup E [C/f 
reT t^T 

inf supE fC/9'^1 for all 5 > 
Z^Ll{^lg,Zs)nZreT 

where Zs = 

The proof of Theorem 2.11 is delegated to Subsection 5.4. 


Let Zb consist of all mappings X]r=ro^ ^i^i,n|]o,i] with n G N; 6o,..., 6„_i > 0, 
where Bi^n is defined as in (2.8). As can be easily seen, Zb is a dense subset of 
{Z G C„(]0, 1]) \ Z > 0, Z{\) = 0} w.r.t. the supremum norm on C(]0,1]) by 
Stone-Weierstrafi theorem. For any 5 > 0, denote 


-’B 



n G N, 6o > 


(5;6o,.. 



We have L^{pg, Zs)riZB C Zg C Zb so that we obtain the following immediate 
consequence of Theorem 2.11. 

Corollary 2.12. Under assumptions of Theorem 2.11 

sup£:9(n) = inf supE[C/5’^l for all 5 >\Y*\^. 

tGT ZG^ItGT 


Example 2.13 (Optimal stopping under MINMAXVAR). In the case of MIN- 
MAXVAR distortions, we get from Remark 2.1 


MgpQO,^]) = gp{z) - zg'piz), 

— _ 2i/(i+P))i+P — (1 — 2i/(i+P))P2:i/(i+P) 

for z g]0, 1[, and 

;,g({l}) = z/g({l}) = ^lim_ g'p{z) = ^lhn_(l - 21 /(i+p))p^-p/(i+p) = q. 


Thus pg has a Lebesgue density fg :]0,1] ^ R, defined by /g(l) = 0 and 
fg{z) = -zg';{z) = ^UU+p)Y-\-p/U+p) 

for z g]0, 1[. Hence in the case of essentially bounded Y*, we have 

'■i r(y.-Z(a))+ 


supf®(yr) = 

reT 


'0 L 


Zia) 


fg{a) da 


for all 6 > |E*|oo- 


inf sup E 
zezf^ reT 
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2.2. Additive dual representation 

In this section we generalize the celebrated additive dual representation for 
optimal stopping problems (see Rogers [24]) to the case of optimal stopping 
under distorted expectations and law invariant coherent risk measures. The 
result in [24] was formulated in terms of martingales M with Mq = 0 satisfying 
supjg[Q y] \Mi\ € ■ The set of all such adapted martingales will be denoted by 

Ado- 

Theorem 2.14. Let Vf = esssupTg 7 - ,.>( E \Ur \ At] he the Snell envelope of an 
integrable right-continuous stoehastic process (CA)te[o,T] adapted to (12, A, (At)o<t<T, 
//sup(g[Q y] j?7t| G LP for some p > 1, then 


Vq = sup E[{7 t-] = inf E sup {Ut — Mt) , 

T-gr MgMo [tG[0.T] J 

where the infimum is attained for M = M* with M* being the martingale part 
of the Dooh-Meyer decomposition o/(Vf)tG[o,T]- Furtheremore it holds 

supE[{7,-] = sup (Ut — Mf) P — a.s.. 
rer te[o,T] 


Theorem 2.2 allows us to extend the additive dual representation to the 
case of the stopping problem (1.11). Define for any Z S L^[T*,/ig] the process 
RsA = (R/’^)tg[o.T] via 


= ess sup E 

TeT,T>t 




zia)r 

a 



p,g{da) 



The following additive dual representation for the stopping problem (1.11) holds. 

Theorem 2.15. Let atomless with eountably generated Tt for 

every t > 0, and let Z be a dense subset of {Z G L\{pg) \ Zil) = 0} w.r.t. the 
L^ — norm. If (2.1) is fulfilled, Y* G Xg and Z° G L]^,{p,g) with Z°{1) = 0 as 

well as E[( J ^ pg{da))^] < oo for some real number p > 1, then 


sup £P{Yr) 
reT 


inf inf E sup (t/f’'^ — Mt) 

Z^L\{p.g,Z°) M^Mo L tG[0,T] ^ 

inf inf e[ sup iUfZ -Mt) 

zeC%{fj.g,z°) MeMo 1 fg[o.T] 

ess inf sup (C/f’'^ — Mf’'^) P — a.s. 
ZeLi.(tig.2“)tG[0,T] 

ess inf sup (l/f’^ — Mf’^) P — a.s.. 

ZGC^(lJ.g,Z«) tg[o,Tl 
Z(1) = 0 ^ ‘ 


Here stands for the martingale part of the Dooh-Meyer decomposition of 
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The proof of Theorem 2.15 will be found in Subsection 5.5. 

Remark 2.16. As a special choice for Z in Theorem 2.15 we may select the set 
of all mappings with n € N and bo,..., bn-i > 0, where Bi^n 

is defined as in (2.8). 


If ^'(O) < oo, then we may choose ^° = 0 in Theorem 2.15. The application 
of Corollary 2.5 together with Theorem 2.15 provides us with the following 
additive dual representation of the stopping problem (1.11). 


Corollary 2.17. Let the assumption on g and {J-t) of Theorem 2.2 be fulfilled. 
Furthermore, let Z be a dense subset of {Z £ L]^_{pLg) \ Z(l) = 0} w.r.t. the 
L^ — norm. If g'(0) < oo, and i/suptgjQj^] \Yt\^ is P—integrable for some p > 1, 
then the following dual representation holds 


sup E^{Yr) 
rer 


inf inf Ef sup iU?'^ 

ZeZMGMo t6[0,T] 


Mt)] 


inf E[ sup {Ut^ - 
te[o.T] 

essinf sup {Uf’^ — P 

ie[0.T] 


a.s.. 


Here M*wZ stands for the martingale part of the Doob-Meyer decomposition of 
yaZ 

For the case of law invariant coherent risk measures of the form (1.5) we have 
the following 

Corollary 2.18. Let £ be a coherent law invariant risk measure satisfying 
limQ,^o+3£(a) = 0, and let us fix any representation of the form (1.5). If 
supQ,g]o_i] 5 £(q;)/q; < oo and if for any g € G, the set Z is dense in {Z £ 
L\{p,g) I -^(1) = then 

sup £(!",-) = sup inf E[ sup = ess sup ess inf sup 

reT g^G te[0,T] geG t6[0,T] 


Example 2.19 (Optimal stopping under absolute semideviation). Let the as¬ 
sumptions on (Ft) of Theorem 2.2 be fulfilled, and let the random variable 
sup(g[Q y] Yf be P—integrable for some p > 1. In view of (2.9), the dual repre¬ 
sentation for the absolute semideviation reads as follows 


sup 

rerL 


E[y,] + cE{[n-E(ro]+} 


= sup inf inf E sup {c{Yt — x)'^-\-cxx-\-{1 — c>c)Yt — Mt] 
lt6[0,T] 

= sup inf E sup {c{Yt — a:)^ + ckx + (1 — c>c)Yt — 

Lt6[o,T] 

= esssupessinf sup {c{Yt — x)^-\-ocx-\- {1 — c>c)Yt — P — a.s.. 

>f6]0,l[ tg[0.T] 


P—a.s.. 
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Here denotes the martingale part of the Doob-Meyer decomposition of 

the Snell-envelope of the process {c{Yt — x)'^ + ckx + (1 — c>^)yt)(g[o_T] • 

Example 2.20 (Optimal stopping under expectiles). Let the assumptions on 
{Ft) of Theorem 2.2 be fulfilled, and let sup(g[Q 2 .]y( S LP{0,F,P) for some 
p s]l,c»[. Then for a s]l/2,l[ we may draw on (2.10) and (2.10) to obtain 
the following dual representation of the optimal stopping problem under the 
a—expectile 


supf„[i^] = inf sup inf E sup —11 (y^ — x)'^ + 7 !^ + (1 — l)x 

reT ^> 07 e[(i-a)/a,i] I te[o,T]^ 1-a 


Mf 


( 2 . 11 ) 


3. Numerical example 


In this section we illustrate how our results can be applied to pricing Bermudan- 
type options under absolute semideviation risk measure. Specifically, we consider 
the model with d identically distributed assets, where each underlying has div¬ 
idend yield 6. The dynamic of assets is given by 

dX^ 

= {r - d)dt + adWt, i = l,...,d, (3.1) 

where Wl, i = 1,... ,d, are independent one-dimensional Brownian motions and 
r, 5, a are constants. At any time t S {to, ■ • ■, tj} the holder of the option may 
exercise it and receive the payoff 

Yt = G{Xt) = e-"*(max(Ai, ...,Xt) - K)+. 


Suppose that the seller of the Bermuda option would like to protect himself 
against a downside risk, i.e. against the event Yt > E(yT-), then a risk-adjusted 
price of the corresponding Bermudan option can be defined as 

V = sup [E[i;] + cE{[y, - E(F,)]+}] , (3.2) 

rer 


where T is a set J^-measurable stopping times taking values in {tg, ■ ■ ■ ,tj}. 
Due to Example 2.9, one can use the standard methods based on dynamic 
programming principle to solve (3.2). Indeed, for any fixed and x, the optimal 
value of the stopping problem 



— x)~^ + OCX -I- (1 — CjYjYr] 


= sup inf sup E 
t^T 


Gx.^(^r) 


can be, for example, numerically approximated via the well known regression 
methods like Longstaff-Schwartz method (see Section 7 in [15]). In this way one 
can get a (suboptimal) stopping rule 

:= infjo <j<J: > G,, 
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Table 1 

Bounds (with standard deviations) for 2-dimensional Bermudan max-call with parameters 
K = 100, r = 0.05, cr = 0.2, (5 = 0.1 under semideviation risk measure with parameter c 


c 

Lower bound Vff 

Upper bound V)} 

0 

7.94(0.116) 

8.12 (0.208) 

0.5 

10.31 (0.129) 

10.63 (0.250) 

1 

13.27 (0.174) 

13.81 (0.271) 

1.5 

15.43 (0.193) 

16.01 (0.302) 


where ■ • ■, Cj^x,>c continuation values estimates. Then 




N 


sup inf 


1 

V 



n—1 



(3.3) 


is a low-biased estimate for V. Note that the infimum in (3.3) can be easily 
computed using a simple search algorithm. An upper-biased estimate can be 
constructed using the well known Andersen-Broadie dual approach (see [3]). 
For any fixed >c s]0,1[ and a; > 0, this approach would give us a discrete time 
martingale (AfJ’^)j=o,...,J which in turn can be used to build an upper-biased 
estimate via 


Wtl- 

VN ■ — 


1 


N 


sup inf < — , 

xe]o.i[^^o 1 


sup 


(3.4) 


Note that (3.4) remains upper biased even if we replace the infimum of the ob¬ 
jective function in (3.4) by its value at a fixed point x. In Table 3 we present the 
bounds Vjf and V}} together with their standard deviations for different values 
of c. As to implementation details, we used 12 basis functions for regression (see 
pp. 462-463 in [15]) and 10"^ training paths to compute Ci,x,k, ■. •, Cj,x,>c- In the 
dual approach of Andersen and Broadie, 10^ inner simulations were done to ap¬ 
proximate In both cases we simulated N = 10'’’ testing paths to compute 

the final estimates. From Table 3 one can see that the price of the Bermudan 
option increases with c reflecting the fact that the downside risk becomes a 
higher weight as c increases. 


4. Main ideas of the proofs 

In order to proof Theorem 2.2, we shall proceed as follows. First, by Lemma 6.1 
(cf. Appendix 6), we obtain 


sup {Yt ) = sup inf E 

tGT rGr^e^+('‘9) 

Z{1)=0 



Z{a)r 

a 


+ Z{a) 


fig{da) 


(4.1) 
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The crucial part of proof of Theorem 2.2 is to show 


sup inf E 

rtH'T 

Z(1)=0 

inf sup E 

Z(1) = 0 


[/ 

\(Yr-Zia))+ , J 

-h Z[a) 
a 

Bg{da) 

[/ 

l(Yr-Zia)r , ,,, 

-h Z[a) 

a 

Bg{da) 


(4.2) 


Using Tonelli’s theorem, we obtain for any t € T and every Z G 


E 


(X - Zia))+ 


Zia) 


Bg{da) 


= / E 


(X - Z{a)Y 


a 


+ Z{a) 


0~-FyM) 


IZ{a) 


a 


figida) 


dx + Z{a)\ Bg{da). (4.3) 


Since the set F = {Fy^ \ r G 7”} of distribution functions Fy^ of U- is not, in 
general, a convex subset of the set of distribution functions on R, we can not 
apply the known minimax results. The idea is to first establish (4.2) for the 
larger class of randomized stopping times, and then to show that the optimal 
value coincides with the optimal value sup,. 

Let us recall the notion of randomized stopping times. By definition (see 
e.g. [13]), a randomized stopping time w.r.t. (U, X, (Xt)o<t<T, P) is a map¬ 
ping r’' : U X [0,1] —>■ [0, c»] which is nondecreasing and left-continuous in 
the second component such that is a stopping time w.r.t. (Xt)tg[o,r] for 

any u G [0,1]. Notice that any randomized stopping time r’’ is also an ordi¬ 
nary stopping time w.r.t. the enlarged filtered probability space (U x [0,1], 
B{[0, 1]), [Ft (8>S([0, l]))(g[Q j.]iP ® P^)- Here P^ denotes the uniform distribu¬ 
tion on [0,1], defined on S([0,1]), the usual Borel cr—algebra on [0,1]. We shall 
call a randomized stopping time r’’ to be degenerated if is constant for 

every w G U. There is an obvious one-to-one correspondence between stopping 
times and degenerated randomized stopping times. 

Consider the stochastic process (Yl)t>o, defined by 

Y; -Mx [0,1] R, (w, u) Ytiuj). 


which is adapted w.r.t. the enlarged filtered probability space. Denoting by 
the set of all randomized stopping times Y < T, we shall study the following 
new stopping problem 


maximize £^{Y^r) over F G'P'. (4-4) 

Obviously, £^{Yr) = £^{YF) is valid for every stopping time t G T, where 
Y G 7”’' is the corresponding degenerated randomized stopping time such that 
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t'^{u!,u) = t(uj), u € [0,1]. Thus, in general the optimal value of the stopping 
problem (4.4) is at least as large as the one of the original stopping problem 
(1.11) due to (4.1). One reason to consider the new stopping problem (4.4) is 
that it has a solution under fairly general conditions. 

Proposition 4.1. Let (2.1) be fulfilled, and let sup^gjo T^j Yt € Xg. If (Tt)(g[o_T] 
is quasi-left-continuous and if IFt is countably generated, then there exists a 
randomized stopping time rf G such that 

£:9(y;„)= sup ^^(y;.)- 

* r'-GT- 

The proof of Proposition 4.1 is subject of Subsection 5.6. Moreover, the fol¬ 
lowing important minimax result for the stopping problem (4.4) holds. 

Proposition 4.2. If (2.1) is fulfilled, and z/supjgjQ T^] Y* G X^ , then 


sup inf E 

Z(1) = 0 


~ (y;.-y(a))+ 

a 


-\- Z{a) 


Lg{da) 


inf sup E 
tG7~^ 

Z(1)=0 


- {Yf.-Z{a))+ 

a 


Z{a) 


pLg{da) 


Moreover, */ (Yt)tG[o,T] quasi-left-continuous and if Tt is countably generated, 

then there exist Y* G T’’ and Z* G with Z{1) = 0 such that 


E 


(r;. - z*ia))- 


< E 


+ Z*{a) 


pLg{da) 


{y;„ - z*{a)Y 


a 

< E 


+ Z*{a) 


p,g{da) 


{y;„ - Z{a))+ 


Z{a) 


Lg{da) 


for Z G L^{p,g) with Z{1) = 0 and Y G . 

The proof of Proposition 4.2 can be found in Subsection 5.1. In the next step 
we shall provide conditions ensuring that the stopping problems (1-11) and (4.4) 
have the same optimal value. 

Proposition 4.3. Let (11, P|_Pj) be atomless with countably generated J-t for 
every t > 0. If (2.1) is fulfilled, and ifY^ G Xg, then 


sup (Y^r) = swp {Yt). 

t'-gT'- tGT 


The proof of Proposition 4.3 is delegated to Subsection 5.2. 
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5. Proofs 

We shall start with some preparations which also will turn out to be useful 
later on. Let us recall (cf. [13]) that every r’' G induces a stochastic kernel 
Krr : n X B{[0,T]) — >• [0,1] with Krr-{ijj,-) being the distribution of 
under for any w G fl. Here H([0,T]) stands for the usual Borel cr—algebra 
on [0,r]. This stochastic kernel has the following properties: 

[0, tj) is Tt — measurable for every t > 0, 

Krr{uj, [0,t]) = sup{u G [0, 1] I T^{uj,u) < t}. 

The associated stochastic kernel Krr is useful to characterize the distribution 
function Fyr- of YK . 

t" ' 

Lemma 5.1. For any K G with associated stochastic kernel Krr, the dis¬ 
tribution function Fyr^ of Yfr may he represented in the following way 

Fyr^ (x) = E[iGT-r-(-, {t G [0, T\\Yt < x})] for x G R. 

Proof cf. [8, Lemma 7.1]. □ 


5.1. Proof of Proposition 4.2 


The random variable Y* is assumed to belong to Xg. In particular Yfr G Xg for 
K G F'', and in view of Lemma 6.1 (cf. Appendix 6), we have 


Sa{Yfr) 
inf E 

{fj.g ) 

Z(1) = 0 


{Yfr - Z{a)Y 


+ Z[a) 


pigida) 


(5.1) 


= E 


l]o,i[(a) 


(Yfr - Fpn - a))- 


FFY-r^il-a) 


figida) 


+Ms({1})]E[-’^]: 


where FfTr denotes the left-continuous quantile function of the distribution 
function Fyr^ of Yfr. Also by Lemma 6.1 we obtain 


oo > 

> 




- a) Hg{da), 


a))+ 


+ F-(1 


a) 


ptg{da) 


where F-^l stands for the left-continuous quantile function of the distribution 
function Fy* of Y*. In particular (1 ~ ’) G L^ipig)- Since the inequality 
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Fp(a) < F-( a) is valid for every r’' € and any a from ]0,1[, we may 
conclude that 


SUYIr) = inf E 
ze/Cy. 


■ {Y;.-Z{a))+ 

a 


Z(a) 


fig{da) 


(5.2) 


holds for r’' € , where 


jCy — {Z G I Z — l]o,l[^ < 1]0,1[^F*(1 “ ■) Mg ~ a.s.}. 


Let us define the mapping h :T^ x ICy —t [0, oo] by 


h{F,Z)=E 


- (y;.-z(a))+ 

a 


Z{a) 


^ig{da) 


Since — •) G ^+(Mg); tti® set /Cy is uniformly integrable, in 

particular it is a relatively weakly compact subset of L^(/ig) by Dunford-Pettis 
theorem. Moreover, /Cy is convex and closed w.r.t. the norm so that it is 
also weakly closed. Thus 

/Cy is a weakly compact subset of L^{fig). (5-3) 

Next we may observe directly from (5.2) that 

, •) is a proper convex function for every F G . (5-4) 


Using Tonelli’s theorem, we obtain for any r’’ G T'' and every Z G L\{^.g) 

■(y;.-z(a))+ 


E 


a 


+ Z[a) 


E 


(y;. - Z{a)y 


Z(a) 


Mg (da) 

Mg (da) 


(1 - Fyr (x)) 


lz{a) 


dx + Z(a) Mg(da) 


(5.5) 


Applying the monotone convergence theorem, we may rewrite h in the following 
way. 


h(T^, Z) = lim f 
6—^00 J 



Fy;Ax)) 

a 


dx + Z(a) 


Mg(da). 


(5.6) 


Moreover, for every r{',T 2 G and any A G]0,1[, there exists some r’’ G 
such that = XFyr^ + (1 ~ X)Fyr^ (see [8, subsection 7.1]). Hence we may 

conclude from (5.6) 


Vr[,T 2 " G T" VA G]0,1[ 3F G T" : /i(r", •) = Xh(T^, •) + (!- X)h(T^, ■). (5.7) 
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We want to apply Konig’s minimax theorem (cf. [17, Theorem 4.9]) to the 
mapping h. In view of (5.3), (5.4), (5.7) it remains to show that is 

weakly lower semicontinuous for any r’’. For this purpose let fix an arbitrary 
r’’ G T^. Since , •) is a convex mapping, it suffices to show that it is lower 
semicontinuous w.r.t. the norm. So let {Zn)neN be any sequence in /Cy 
which converges to some Z G /Cy. Then for every e > 0, we obtain 


< 


[ [ (1 - Fy^^ix)) dx iJ.g{da) - [ [ (1 - Fy^^{x)) dx iJ.g{da) 

J J Z„{a) J Jz{a) 

r r^ia) j- 

/ / {1 — Fy^r {x)) dx fJ.g{da) < / \Zn{a) — Z{a)\ /ig(da) —?> 0 for n —>■ oo. 

J JZr,.(a) ^ J 


Hence we may conclude from (5.6) 


lim inf h{F , Zn) > 

n—¥oo 


liminf [if — Fy r(x)) dx + Zn{a) \ fig{da) 

J \dz„(a) " J 


> 


J ij (1 - Fy^^{x)) dx + Z{a)j fig{da). 


Then the application of (5.6) again yields liminf^^oo ^(t’’, Z^) > h{T^,Z). 
Thus h{T^y) is shown to be lower semicontinuous w.r.t. the norm so that 
by Konig’s minimax theorem along with (5.1) and (5.2) 


sup inf h(T^,z) 


inf sup h{F,z) 
Z^Ky* 


> inf sup E 

\f 


fig{da) 


u 

a 

. 

> sup inf E 

/ 


p.g{da) 

Z^L^{Pg) 

u 

a 

. 


= sup inf /i(r’',z). 
Z^Ky* 


This shows the first part of Proposition 4.2. The second part of Proposition 4.2 
follows immediately from the first one along with (5.1) and Proposition 4.1. The 
proof of Proposition 4.2 is complete. □ 


5.2. Proof of Proposition f.3 

The starting idea for proving Proposition 4.3 is to reduce the stopping problem 
(4.4) to suitably discretized random stopping times. The choice of the discretized 
randomized stopping times is suggested by the following lemma (cf. [8, Lemma 
7.2]). 

Lemma 5.2. For G 'T'" the construction 

F[j]{uj, u) = min{A:/2-^ | fc € N, F{uj, u) < k/2^} A T 
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defines a sequence in satisfying the following properties. 

(i) pointwise, in particular it follows 

3 ?oo 

for any u! € and every u € [ 0 , 1 ]. 

(ii) lim Fy-^ (x) = Fy ^ {x) holds for any continuity point x of Fy^.^ ■ 

(iii) For any a; S M and every j G N we have 


OO 

Fyfry,,i.^) = E [ 0 ,tl,])] + E’E [% Kr^{;]hk-l)yMy]) 

k=2 


where tpj = (fc/2^) A T for /c S N, and Yf = l]_oo,a:] ° Yt for t € [0, T], 

We shall use the discretized randomized stopping times, as defined in Lemma 
5.2, to show that we can restrict ourselves to discrete randomized stopping times 
in the stopping problem (4.4). This will be an immediate consequence of the 
following auxiliary result. 

Lemma 5.3. Let {Tf)n^N be any sequence such that {Yfr)n&i converges in law 
to Yfr for some t’’ £ T’’. If (2.1) is fulfilled, and if Y* = sup^g^gj.]!) £ Xg, 
then 

lim E3{Yfr) = £<>{Yfr). 

n—^oo ^ 

Proof Since g is continuous we have 


lim g{l - Fyr^ {X)) = g{l - Fry (w)) 

n—¥CiO 


for every continuity point of Fyr^ due to assumption on the convergence of 
(FTrr)ngN- Moreover, 5(1 — Fy^^ {x)) < g{l — Fy* (w)) holds for every n G N and 
any x > 0. So, by Y* £ Xg we may apply the dominated convergence theorem 
to conclude 


pOO pOO 

\\Tn.E^{Yfr)= lim / g{l - Fyr^{x)) dx = / g{l - Fyr^{x)) dx = £^ {Yfr). 

n^oo " "" Jo 


This completes the proof. 


□ 


Combining Lemma 5.3 with Lemma 5.1 we obtain the following corollary. 

Corollary 5.4. If (2.1) is fulfilled, and Y* = supjgjg 7 .] Yt £ Xg, then for any 
r’’ £ T’’ we have 

£S(Yf.) = lim E^iYf.y^). 

The following result provides the remaining missing link to prove Proposition 

4.3. 
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Lemma 5.5. Let (2.1) he fulfilled. Furthermore, let r’" S , and let us for any 
j G N denote by T[j] the set containing all nonrandomized stopping times from 
7” taking values in the set {{k/2^) AT \ k G N} with probability 1. //(O, P|_Pj) 
is atomless with countably generated Tt for every t > 0, and ifYt € Xg for t > 0, 
then there exists some sequence {Tjn)nen 7”[j] such that converges 

in law to In particular 

< sup (5.8) 

r&T[j] 


Proof Let kj = min{fc € N | fc/2^ > T}. If kj = 1, then the statement of 
Lemma 5.5 is obvious. So let us assume kj > 2, and set tyj = {k/2^) AT. We 
already know from Lemma 5.2 that 


Fy’' (x) = E 








E 


YZM;]tik-i)j,tkj]) (5.9) 


holds for any x G R. Here Yf = l]_oo,a:] o Yt for t G [0, T]. Next 


Zk 


Krr{;[0,hg]) , k=l 

^T''(‘j tfej]), k G {2,...,fcj} 


defines a random variable on (H, ) which satisfies 0 < Zp < 1 P—a.s.. 

_ U , 

In addition, we may observe that Zp = 1 holds P—a.s.. Since the prob¬ 

ability spaces {Ll,Tt^,,P\jr^^) {k = l,...,kj) are assumed to be atomless and 
countably generated, we may draw on Proposition 8.2 (cf. Appendix 8) along 
with Lemma 8.1 (cf. Appendix 8) and Proposition 7.1 (cf. Appendix 7) to find 

a sequence {{Bin, ■■■, Bkjn))n^m ''' ’ ^ 

tition of H for n G N, and 


hm E[lB,„-f]=E[Zk-f] 

n—^oc 

holds for P|. 7 yj,. —integrable random variables / and k G {1,..., kj}. In particular 
we have by (5.9) 


PV';,., (a;) = lim ^E 

^ n^oo 


k=l 


\rx 

ikj 




forx G 


We can define a sequence (Tj>i)neN of nonrandomized stopping times from T[j] 
via 

kj 

^kj ISfcn ■ 

k=l 

The distribution function Fy of W „ satisfies 

-Tjn 


kg 


Fi 


Wn(^) = 


E 


-\ZX 1 
ikj ^kn 


k^l 


for x € M 
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so that Fy’- lx) = liin„^oo Fy^ (x) for x € M. 

T-r[j] \ / Tj^ \ / 

The remaining part of Lemma 5.5 follows from Lemma 5.3. 

□ 


Now, we are ready to prove Proposition 4.3. Putting Lemma 5.5 and Corollary 
5.4 together we have 

supf®(LV)> sup lim = sup S^lY^r), 

rer T'-eT'- 


and thus 


sup > supSaiYr) > sup S^lY^r), 

r^'gT tET t'^ET 


completing the proof of Proposition 4.3. 


□ 


5.3. Proof of Theorem 2.2 

Firstly, we get from Propositions 4.2 and 4.3 along with (5.1) 

■(r;.-z(a))+ 


inf sup E 
t^eT'^ 

Z(1)=0 


Furthermore in view of (4.1), 
sup (Ft) < inf supE 


tET 


Thus 


sup S^iYr) 
tET 


Zla) 


figlda) 


= sup s^iy;.) 

t'-eT’- 

= sup (Ft). 
tET 


tGT 

Z{1)=Q 

< inf sup E 

Z^L^(fj,g) g.r 

Z(1)=0 


inf sup E 

Z&L^{g.g) Tg7^ 
Z(1) = 0 


< inf sup E 

zeLi_(gg,zo) TgT 
Z(1)=0 

< inf sup E 

tET 


(Ft - F(a))^ 


a 


+ F(a) 


figlda) 


lYfr - F(a))^ 


(Ft - Zla))- 


a 


(Ft - F(a))^ 


(Ft - Zia))- 


■Z(a) 


pig(da) 


Z(a) 


pig(da) 


Z(a) 


Z(a) 


fj.g(da) 

^J,g(da^: 


40 ) 


where the inequalities follow from 

£|(Mg, F°) C{Z€ Li(//g, F°) I Z(l) = 0} C {Z e Lilh,) I m = 0}- 
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Now, let Z € with Z(l) = 0, and e > 0. Then Zk = l]o,i/fc] ■ Z^ + Z 

defines a sequence {Zk)keti in L\(pg) satisfying Zk> Z ^g—a.s. for fc G N, and 
thus 


J-]0,l/fc] 


dflg 


Since Z^ G L\{^g) by assumption, the application of the dominated convergence 
theorem yields f l]o,i/fe] ' Oj and hence 


supE 

rer 



0 


< sup E [f/f 
r€T 


e 

2 


for some ko G N. 


(5.11) 


Morever, by assumption, we may find some sequence (^n)neN in Z such that 
f \Zn — Z\ dfjLg —0 as well as Zn — ^ Z ^g —a.s.. Then Zk^^n = l]o,i/fco] ' 
defines a sequence {Zko,n)nGN in C* 2 ;{fJ,g^ Z°) satisfying 

\^kQ,n ^ko \ ^ and Zkg^n ^ ^kg dg a.S.. (5.12) 

We have by Tonelli’s theorem 


supE[t/f^'“‘””] - supE[l7®’^*^«] 
reT reT 

< sup / - • |E[(h; - 2fc„.„(a))+] - E[(w - Zkg{a))+] \ fig^da) 
reT J ^ 


J ^ko \ dfjjg 

('^kQ,Tl 


/ I pZ.kQ,n{Oi) n ^ ^ 

-■ / {^-FY^{x))dx Hg{da) + I \Zkg,n-Zko\ dug 

^ JZk^(a) J 


< 


1 

a 


IZkgia) 
r^kg,ni*^) 


'Zkoia) 


(1 — Fy* (cc)) dx 


^g{d(X) T / \ZkQ^n -^/co I ^dg- 


Here Fy^ and Fy denote respectively the distribution functions of W and Y*. 
Moreover, /q°°(1 — Fy*{x)) dx < oo because Y* G Xg. Then in view of (5.12) 
we obtain 


1 

a 


/•ZkQ.nia) 
'Zkg(a) 


(1 — Fy (x)) dx 


~ \Zko,n{<Z) — Zkg{a)\ —>■ 0 
a 


for //g—almost all a g]0, 1]. 
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In addition 


I {1-Fy,{x)) 

•' Zicg (a) 


dx 


< 


a 

l]0,feo](«) 


fZ°(a)+Zkg,n(.a) 


/Z“(a) + Zfc (a) 


(1 — Fy*{x)) dx 


l]feo.l](“) 


rZkn,n{a) 


'Zkg (a) 


(1- 


a 


roo 

/ {l-Fy^{x)) 

Jz^ia) 


dx 


l]feo,l](«) 


^0 


poc 

/ {1-Fy.{x))dx 

Jo 


= 1 


]0,feo] 


E[(r*-Z°(a))+] , ^ E[y*] 

(Q^) •-1" l]feo,l](Q^) ■ —7 - 


a , 

Drawing on assumptions on Z°, the application of Tonelli’s theorem yields 


E[{Y* - Z°{a))+] 


dflg = E 


{Y* - Z°{a))+ 


fj,g{da) 


< oo 


so that 


/■/ . , E[(y*-Z°(a))+] ^ , , E[y*]\ , 

J [^l]0,feo[(«) • - - -1" l[feo,l](°^) ■ ——J t^gidoi) 


< oo. 


Hence we may apply the dominated convergence theorem to conclude 

d^J.g = 0, 


lim 

n—^co 


f 1 

rZkg.nia) 

/ -• 

/ (1-Fy.(x))dx 

/ Oi 

JZkgia) 


and thus in view of (5.12) 


lim 

n—>oo 


sup E [U\ 

tGT 


9:^kn 


— sup E \U\ 

tGT 


Qi^kn 


= 0 . 


In particular 


sup E[[/t’'^*'“’"‘’] < sup E[C/t’^*'“] + ^ for some no G N, 
rer tgT 2 


and then by (5.11) 


supE[[/f^'=“'"«] < supE[C/9’^] +e. 

tGT tGT 

Therefore we have shown 

inf sup E [U^/ < sup E [C/®’^], 
Zt^T' Te7~ 


Fy. (x)) dx 
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meaning 


inf sup E [ U^’ 1 

Z( 1 ) = 0 


(5.10) ~ 

< _ inf supE[t/®’ ] 

< inf supEfC/9’^1 

ZeL^(fJ,g) tGT 
Z( 1 ) = 0 


because Z was chosen arbitrarily. This completes the proof of Theorem 2.2 due 
to (5.10). □ 


5.4- Proof of Theorem 2.11 

Let Z = {Z G 1]) I Z > 0, Z(l) = 0}. In view of Lemma 9.1 (cf. Appendix 

9), Z is a dense subset of {Z G L\{gg) \ Z{1) = 0} w.r.t. the norm 
generated by ^g. Since Z is a dense subset of Z w.r.t. the supremum norm it is 
also a dense subset of {Z G L+(/ig) | Z(l) = 0} w.r.t. the norm generated by 
/ig. If Y* is /Xg— essentially bounded, then Y* G Xg and Zs = <51]o,i[ G /ig] 

for (5 > |T*|oo- Then by Theorem 2.2 

sup£:9(y,-)= inf supEf{79’^l= inf supETC/S’^l, (5.13) 

tG'T ,z^) tCT" tG'T 

Z( 1)=0 

where LY{lLg) = {l]o.a] ■ S + Z \ Z £ Z,a g]0, 1[}. 


Now let us fix any <5 > |T*|oo, and let Z G Z as well as a g] 0, 1[. Then 


{ 6 , 0 < a < a 

n(a -q;) + 1, a < a < a + ^ 
0 ,a+i<a<l 

’ n — — 


defines an antitone sequence in Cu(]0,1]) with /„ \ l]o,a]- Then {Sfn + Z)n^ff 
is an antitone sequence in Z satisfying Z„ = (J + l)fn + Z \ Z, where Z = 
l]o.o] ■ ^5 + ^- We may observe 


sup E 

tGT 



supE 

rer 


l]a,l](«)(yr - Zn{a)) + 
a 


fig{da) 


+ 


Zn d/ig, 


and 


sup E 


= supE 

r /■l]a.i](«)(W-Z(a))+ 1 

U^' 

/ hg{da) 

reT 


rer 

J Oi 


Z dflg. 
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Hence 


supE 

9 i^n 

- supE 

C/9>^1 

tGT 


tGT 



< supE 
rer 


l]a,l]{ct)\{Yr - Zr,{a))+ - {Yr - Z[a))- 


Bg{da) 


< 


< 


+ J \Zn — Z\ d/Ig 
f l]Q,i](a)l^n(a) - Z{a)\ 


Y j \ Zn Z\ d^g 


1 -f- (2 


\Zn - Z\ dUg- 


(5.14) 


We have J \Zn — Z\ dfi ^ 0 due to dominated convergence theorem so that 

0 . 

Hence for arbitrary e there is some no € N such that 


sup E 

IjgZr. 

— sup E 

U9,z] 

reT 


rer 



sup E 

U9,Zno 

< supE 

U9.Z 

tGT 


rer 

■ 


(5.15) 


Next, by assumption on Z there is some sequence (Zk)keti which converges to 
Zno w.r.t. the supremum norm. In particular 


0= lim sup \Zk{a) - Zno{a)\= lim sup |Zfe(a) - (i5 + 1)|. 
fe-i-oo Q,g]o_Q] fc^°°cte]0,a] 


This means that info,g]o,a] Zk{a) > 5 for large k. So we may assume without 
loss of generality that inf^gjo^a] ^fc(a) > 5 holds for every k G N, implying 
that(Zfe)fcgN is a sequence in Zg) fl Z C Z'^. Then in the same way as in 

(5.14) we obtain 


sup E 

tGT 


sup E 
rer 



< 


\ Qj 

a 


\Zk ■^riQ I df-lg- 


Since / \Zk - Z„o| d^g < sup^gjg^;^] \Zk{a) - Z„o(a)| -)• 0, we may find some 
fco G N such that 


supE 

U9,Zko 

< supE 

U9,Zr.o 

rer 


tGT 



supE 

ugAo 

< supE 

U9,Z 

rer 


rer 

■ 


So we may conclude 
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and thus 


sup E 
rer 


U9Z 

> inf sup E 

U9Z 

- 

tgT 

■ 


As (5 > |h"*|oo, a £]0,1[ and Z G Z were chosen arbitrarily, and since Zs)r\ 

Z is a subset of {Z G \ Z{1) = 0}, we may derive from (5.13) immedi¬ 

ately, 

U9,z 


sup = Jnf supE 

rer tGT 


This completes the proof. 


□ 


5.5. Proof of Theorem 2.15 

First of all, notice that for Z G L^\Y*,^g\ the process is nothing else but 
the Snell-envelope w.r.t. to the stochastic process (t/f’ )tg[o,T] defined by (2.2). 

If Z G has the property that f Bgidct) is integrable of 

order p for some p G [l,oo[, then supjgjg.T] is also integrable of order p 

due to 

sup t/f’^ < [ + f Z dflg. 

ie[0.T] J Ot J 

We obtain in addition for any Z G L}^_(pg, Z) 


E 

< E 


' - Z{a)) 


1 + 


P 1 


a 


Pg{da) 


-l-E 


\ff^ (Y*-Z{a))+ ^ 
( / i-lO.a] ^ 

{Y* - Z{a)r 


>. 1 ]- 


a 


Pg{da) 


< E 


(y* - z{a)y 


Pg{da 


+ -Ely*] < oo, 
a 


where a G]0,1[ such that info,g]o,a](^(Q^) ~ Z{a)) > 0. In particular, using 
Tonelli’s theorem, 


E 


'(y*-y(a))- 


fj,g{da) = E 


< E 


(y* - Z(a))+ 


Pg{da) 


(y* - Zia))- 


a 


Pg{da) 


< oo. 

Now the statement of Theorem 2.15 follows immediately from Theorem 2.2 with 
Theorem 2.14. □ 
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5.6. Proof of Proposition f.l 

Let us introduce the filtered probability space (^t)o<t<oo, P) defined by 


t 

Pt^ t > t 


We shall denote by T’' the set of randomized stopping times according to 
{Pt)o<t<ao,P)- Furthermore, we may extend the processes (Ft)te[o,T] and 

(Yf) te[o,T] to right-continuous processes (Ft)tG[o,oo] and {yf)te[o.T] in the fol¬ 
lowing way 


Yt = 


Yt, t<T 
Yt, t > t. 


and Yf 


Y[, t < T 
Yf, t > t. 


Recall that we may equip T'’ with the so called Baxter-Chacon topology which 
is compact in general, and even metrizable within our setting because Pp is 
assumed to be countably generated (cf. Theorem 1.5 in [5] and discussion after¬ 
wards). 


In the following we shall denote for any r’’ G T'' the distribution function 
of Yfr by , whereas FV* stands for the distribution function of Y*. Since 

^ Tir ^ 

Fyr (cc) < Fy* {x) holds for every P G and arbitrary a; > 0, we obtain from 

/'OO 

supf®(yjrr) < / 5(1 — Fy*{x)) dx < 00. 

Jo 

Next, consider any sequence (f^ )„gN in 7”’’ such that converges 

to supyr £^{Yfr). We may select some subsequence which converges to 

some P G T’’ w.r.t. the Baxter-Chacon topology due to sequential conipactness 
of T’’ w.r.t. this topology. By assumption on (Ft)te[o,T] the processes (Ft)te[o,oo] 
and (F)'^)te[o,T] quasi-left-continuous. Hence in view of [13, Theorem 4.7], 
the sequence {Fyr of distribution functions associated with the sequence 

satisfies 

Fyr^ (x) —i Fyr^ {x) for all x > 0. 

Due to continuity of g this means 

g(l — Fyr (x)) g(l — Fyr (x)) for all x > 0. 

^ ’’’n ^ 

Moreover, we have 

sup g(l — Fyr (x)) < 5(1 — Fy (x)) for all x > 0. 

ngN 
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Since Y* G Yg, we may apply the dominated convergence theorem to conclude 

poo pOO 

£^{Y~r) = / g(l — (a;)) dx = lim / g(l — (a;)) dx 

Jo -’■ Jo "S 

= lim (YL ) = sup (YL ). 

n—yoo ^ 

This completes the proof because Y-r = Y-^/^j’ and f’' A T belongs to T’’ for 
every f’' € T’’. □ 

6. Appendix 

Lemma 6.1. Let the distortion function g be continuous and concave. Then 

■{X-Z{a))+ 


£a[X) = inf E 

Z(1)=0 

= E 


Z{a) 


figida) 


l]o,i[(c 


+/i,({l})E[A] 


(A-FV(l-a))+ 


+ (1 “ “) 


Lg{dot) 


holds for any nonnegative X G Xg, where Fff denotes the left-continuous quan¬ 
tile function of the distribution function Fx of X. 

Proof Let A S Ag be nonnegative. By continuity of g, monotone convergence 
yields 

poo poo 

£a{X)= / g{l- Fx{x)) dx = lim / g{\ - FxAk{x)) dx 

Jo Jo 

= \im£3{XAk). 

k—^oo 

Then by [14, Theorem 4.70], 

£\X A k)= j AV@Ra{-X A k) fig{da) 

holds for every k gN. Moreover, AV@Ra is known to be continuous from above 
(e.g. [16, Theorem 4.1]) for any a g] 0, 1] which means 

lim AV@Ra{-X Ak)= AV@Ra{-X). 

k—^oo 

Since {AV@Ra{—X A k))k^n is a nondecreasing sequence of nonnegative real 
numbers for every a €]0,1], we may conclude from the monotone convergence 
theorem 

£^{X) = lim f AV@Ra{—X Ak) ij,g{da) 

k—^oo J 

= J AV@Ra{-X) figida) 

= /l]o,i[(a)AF@i?„(-A)/rg(da)+Aig({l})E[A]. (6.1) 
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For a €]0,1[, we also know 


AV@RJ-X) = minE 
xeR 


(X + x)^ 


= E 


(X + F^xia))- 




where F’Zx stands for the right-continuous quantile function of the distribution 
function of —X (cf. [1, Proposition 3.2] along with [14, Lemma A.22]). By 
F^xi^) = ~Fxi^ ~ obtain 


AV@Ra{-X) 

(A + x)+ 


= minE 


— X 


= E 


(A - F-(l - a)r 


+ F^{l-a) 


( 6 . 2 ) 


Now define the mapping 


ip : 


]0,1] X R — >■ K, {a, x) I— >■ l]o,i[(a;)E 


~(A + ^)+ 
a 



V3(a, •) is convex, and therefore continuous for any a £]0,1], and p{-,x) is 
S(]0,1])—measurable for every x G R. Then 


/ Tohupia.x) Ugida) = inf 

xeR / / Z&L^{tig 


(p{a, Z{a)) pg{da) 


(see [23, Theorem 14.60] along with [23, Example 14.29]). Moreover, the map¬ 
ping l]o,i[E^(l — •) is nonnegative as well as S(]0,1])—measurable, and by (6.1) 
along with (6.2) it satisfies 


(A-F-(l-a))^ 


oo > J l]o,i[(a)E 

> J - a) pg{da). 


+ F-(l-a) 


dg{da) 


Hence l]o,i[F'^(l — •) S L\{pg), and by (6.2) 

/ min(^(a,x) liglda) = inf / (p(a, Z(a)) Ugida) 

xGM " Z^L^iig)J // 

= j - a)) fig{da) 


inf / ip{a, —Z{a)) pg{da). 


+ 

Z(1) = 0 


Drawing on (6.1) and (6.2) again, the statement of Lemma 6.1 follows from 
Tonelli’s theorem. □ 
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Lemma 6.2. Let the distortion function g be continous and eoncave. For any 
P—essentially hounded mapping f and every nonnegative random variable X, 
define the mapping 


Hf x ■ [0, oo], Z i—t K 


■ {X-\Zia)\)+ 

a 


Z{a) 


gg{da) 


If X is P—integrable, and if g'{0) = limQ,_>.o+g'(a) < oo, then Hfx is real¬ 
valued and weakly continuous w.r.t. the L^ — norm on L^(pLg). 

Proof By [14, Lemma 4.69] we have g'(/3) = / l]^_i](a)/a gg{da) for every 
/3 G]0,1[ so that f 1/a gg{da) < oo. Furthermore by integrablity of X, we 
obtain for every Z G L^{g,g) and any t G T 


E 


{X-\Zia)\)+ 

a 


Bgida) 



< oo. 


Then by Holder’s inequality, the random variables / • / — — iig{da) and 
f ■ J Z dptg are P—integrable. This implies H{Z) < oo. 


Moreover, the set B = {Z G L^{g,g) \ f Z dpig g] — 1,1[} is a weakly open 
neighbourhood of 0, and we may observe for any Z G B 


HpxiZ) < E 
< E 


/• 

1 ^ Pg(da) 

/• 

[ — pg{da) 

1 ce J 


m- 

■]E[|/|] 


Z dp. 


This means that Hf_x is bounded above on the weakly open set B. Therefore, 
as a real-valued convex mapping, it is weakly continuous (cf. [2, Theorem 5.43]). 
The proof is complete. 


□ 


7. Appendix 

Let (H, J", „j},P) be a filtered probability space, and let us denote 

by J^i,P|y:.) the space of Pjy;.—essentially bounded random variables, 

whereas L"^{Pl,Fi,P\y,) stands for the space of P|y=. —integrable random vari¬ 
ables. 

m 

We endow the product space X Pjj^.) with the product topology 

i—1 * 

m 

X a{L°°,Ll) of the weak* topologies a{L°°,L\) on L^{Pl,Fi,P\y,) (for i = 

l,...,m). 

















D. Belomestny and V. Krdtschmer/Optimal stopping under probability distortions 35 


Proposition 7.1. Let be separable w.r.t. the weak topology 

m 

a{Ll,L'^) fori £ and let A Q X L°“(r2, P| t=. ) be relatively 

i—1 ^ 

m 

compact w.r.t. X a{L°°,Ll). 


Then for any X from the X ^L\) —closure of A, we may find a se- 


i=l 


quence (X„)„gN w A which converges to X w.r.t. the X a{Lf^, Lj). 


Proof c.f. proof of Proposition B.l in [8]. 


□ 


8. Appendix 

Let for TO £ N denote by (fi, .F, P) a filtered probability space, 

and let P|j=.) denote the space of Pjj^.—essentially bounded random 

variables, whereas L^{Lt,iFi,P\y,) stands for the space of P|y=. —integrable ran¬ 
dom variables. 

m 

Furthermore, let the set Vm gather all {Ai,..., Am) from X Ti satisfy¬ 
ing P{Ai n Aj) = 0 for * ^ j and P(Ui!Li = 1- We shall endow re- 

m 

spectively the product spaces X L°°(0, P|j:.) with the product topolo- 

i—k * 

m 

gies X (j{L’f,Ll) of the weak* topologies a{Lf',Ll) on L°°{Ll,iFi,P\j: ) (for 

i—k ^ 

k £ {1,..., to} and i = k, . ■., to). Fixing k £ {1,..., to} and nonnegative 

m 

h £ L°°{Pl,iFk,P\T )j the subset VmkW Q X L°“(r2, P|y^.) is defined to 

^ i—k ^ 

m 

consist of all (fk ,..., fm) £ X L°“(0, Xi, P|y^.) fulfilling fi>0 P—a.s. for any 

i—k _ ^ 

i £ {k ,..., to} and J2i=k ^ P—a.s.. For abbreviation we shall use notation 

. r^OO , ^ s 

"Tm = 

Lemma 8.1. VmkW ® compact subset of X L°“(n, P|y=.) w.r.t. the 

i—k ^ 

m 

topology X (t(L°°,L}) for k £ {1,...,to} and arbitrary nonnegative h £ 

Proof The statement of Lemma 8.1 is obvious in view of the Banach-Alaoglu 
theorem. □ 


Proposition 8.2. If (fl,J^j,P|j=.) is atomless for every i £ {1,...,to}, then 

m 

Vm is the X a{Lf^, L})— closure of 

{(l^n ■ • ■ ) l^m) I (^li ■ • ■ ) ^m) € Vm}- 
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Proof cf. Corollary C.4 in [8]. 


□ 


9. Appendix 


Throughout the section we shall fix any probability measure /i on ;B(]0,1]), 
denoting the usual Borel cr—algebra on ]0,1]. Furthmore, T+(/i) stands for the 
space of all nonnegative integrable random variables. 

Lemma 9.1. For every Z G L^(/r) with Z{1) = 0, there exists some sequence 
{4>n)n&i of uniformly continuous functions on ]0,1] such that 4>ni^) = 0 for 
n G N, and f |(/)„ — Zj dyL ^ 0. 

Proof Let [0,1] be endowed with the usual Borel cr—algebra S([0,1]), and let 

^:6([0,1])^[0,1], A^/r(An]0,l]). 


This mapping is a Radon probability measure on S([0,1]), i.e. for any e > 0 
and for every A G S([0,1]), there is some compact subset C of [0,1] such that 
CCA and |/1(A) — fi{C)\ < e. 

Now, let us fix any nonnegative, /r—integrable random variable Z. It may 
be extended to [0,1] to a nonnegative, /I—integrable random variable Z with 
J Z dfi = J Z dyi hy 

Z{a) = 

Let e > 0 be arbitrary. Since ^ is a Radon probability measure, and since Z 
is nonnegative with Z{1) = 0, there exist pairwise disjoint compact subsets 
Cl,... ,Cr of [0,1 [ and Ai,..., >0 such that 


Z{a), a g]0, 1] 
0 , q; = 0 


z-^Aac. 


dyi < 


e 

2 ' 


Moreover, X]i=i is a nonnegative, bounded upper semicontinuous map¬ 
ping on [0,1]. Then \ J2i=i ^i^Ci for some sequence of continuous 

mappings on [0,1]. Moreover, C = IJfci C'i is a compact subset of [0,1[ so that 
we may find by Urysohn’s lemma some continuous mapping ip : [0,1] —>■ [0,1] 
with ip{\-) = 0 and ip(pt) = 1 for a G C. Hence hn = hn ■ ip defines an an¬ 
titone sequence of uniformly continuous mappings on [0,1] such that 

\ and hn{l) = 0 forn G N. 

As a continuous mapping on a compact space hi is also bounded, and thus 
integrable. Then by dominated convergence theorem 


hng - ^ AjlCi 


i=l 


dfi < - for some no G N. 
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Choosing (/ig = ^■nol]o,i[j conclude 


IZ-, 


dfj, = \Z — hng\ d'jl < e. 


This completes the proof because hng is uniformly continuous. 


□ 


Lemma 9.2. Let Zb consist of all mappings ^i^i,n|]o,i] with n G N and 

bo,... ,bn-i > 0, where Bi^n is defined as in (2.8). Then Zb is a dense subset 
of {Z G L)|_(/i) I Z(l) = 0} w.r.t. the L^ — norm generated by p. 

Proof Let Z G L^{iJ,) with Z{1) = 0, and let e > 0 be arbitrary. By Lemma 
9.1, we may find some real-valued continuous mapping (/) on [0,1] satisfying 
4>{1) = 0, and 

J l<?i’l]o.i] - Z\dn< |. 

Moreover, it is well known that 


sup 

ae[0.1] 


no / ■ \ 

<(’(«) “ ( ~ ) 



for some uq S N 


(cf. e.g. [28, proof of Satz B3.1]). In particular 



Bi,n{oi) - Z 


dfig < £. 


Finally, cj) ^ which means that the mapping 

J27=o ^ (r^) belongs to Zb- This completes the proof. □ 
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